Abstract. Apart from von Neumann regular rings, rings with infinite identities have not been studied in any detail. We take a first step in that direction by obtaining structure theorems for a class of self-injective rings with infinite identities. These extend the main structure theorems for self-injective von Neumann regular rings.
A ring's identity element may be infinitely decomposable in that it cannot be expressed as the sum of (a finite number of) primitive idempotents. For brevity we will call such identity elements infinite and the others finite. This article is the result of an attempt to understand (a little of) the structure of rings with infinite identity elements. Except for von Neumann regular rings such rings have received little attention from algebraists. Von Neumann regular rings with finite identity elements are the semisimple Artinian rings (and are injective). It appears that in the class of rings with infinite identities the self-injective von Neumann regular rings play the same role -as the simplest, most basic examples.
Therefore our point of departure is to study a class of rings which includes the injective von Neumann regular rings but is sufficiently larger to be interesting. We choose the rings whose finitely generated (left) ideals are quasi-injective and call these rings (left) fQ-rings. They are a generalisation of Q-rings which have been of some interest in their own right (see e.g [I1] , [I2] or [J] (and their references) -the last paper has a survey of results in the area).
In §1 we show that fQ-rings with finite identities are Q-rings and therefore their structure is known completely (except for the rather uninteresting local case). The general case when the ring has infinite identity appears to be very difficult. To simplify the task we introduce two different concepts (dense primitive idempotents and idempotent nonsingular) both of which are intermediate between finite identity and arbitrary infinite identity but in different "directions". In §1 we show that the main structure theorem on injective von Neumann regular rings (the decomposition into Types) can be extended to fQ-rings which are idempotent nonsingular; and in §2 we determine the structure of indecomposable idempotent nonsingular fQ-rings with dense primitive idempotents and represent them as rings of matrices.
Throughout this paper all rings are unital, and all ideals, properties, etc., which are one-sided are left ideals, properties, etc. Right or two-sided ideals, properties, etc., will specifically be so designated. The letters e, f with or without superscripts or subscripts will always stand for idempotents. Idempotent will mean nontrivial idempotent (i.e. = 0 or 1). The injective hull of a module M will be denoted by E(M ). In the interest of brevity we will from now on refer to von Neumann regular rings as simply von Neumann rings. For results on von Neumann rings the reader is referred to Goodearl's book [G] which also contains basic information about quasi-injective modules. §1. Idempotent nonsingular fQ-rings Definition. A ring's identity (element) is finite if it is a sum of primitive orthogonal idempotents, otherwise it is infinite. A set of idempotents is (left) dense in a ring if it generates an essential (left) ideal of the ring.
Clearly a ring has finite identity if and only if it is a (module) direct sum of indecomposable ideals. A ring with finite identity obviously has dense primitive idempotents. The structure of rings with identities is completely determined by their indecomposable ring summands. This is not true for rings with infinite identities and in fact such rings need not even have indecomposable summands.
In this section we introduce a concept of Types which is a natural extension of von Neumann's defintion but which is applicable to much larger classes of rings. We show that the main structure theory on injective von Neumann rings (the decomposition into Types) can be extended to a large class of fQ-rings under this new defintion. The example at the end of the paper shows that this class (the idempotent nonsingular rings) is the largest possible. Proof. Let R be such a ring and let e ∈ R be a primitive idempotent. Then either eR(1 − e) = 0 or (1 − e)Re = 0. First assume the latter and let a ∈ (1 − e)Re be nonzero. Then Ra is essential in Re, since Re is an indecomposable injective, and L = Ra ⊕ R(1 − e) is quasi-injective and therefore invariant under endomorphisms of Re ⊕ R(1 − e). That is, (1 − e)Re ⊆ Ra. As a is arbitrary, this implies that Ra is simple and so R has nonzero socle. Now consider the case eR(1 − e) = 0 and let a ∈ eR(1 − e) be any nonzero element. Proof. If e is a primitive idempotent in such a ring R, then Re has essential socle S (by Corollary 1.2) which must be simple and eRe is local with radical J consisting of zero divisors (Theorem 1.22 of [G] ). As every endomorphic image of Re must contain S, this implies that J = 0. Hence by Lemma 1.1, Re has at most one submodule. Therefore R is a sum of Artinian ideals and so is itself Artinian. That is, R is a Q-ring.
The structure of Q-rings with finite identities is determined in [I1] (except for the local case) so from now on we will only consider rings with infinite identities. Thus all our proofs will assume it and the interested reader is referred to [I1] for proofs of the finite identity case. But in the interest of completeness the statements of our results will be given in full generality.
Lemma. A nonsingular fQ-ring is a von Neumann regular ring.
Proof. If R is an fQ-ring, then R ∼ = End(R) and so R/J(R) is a von Neumann ring. But J(R) is also the singular ideal of R so if R is nonsingular it is a von Neumann ring ( [G] , Theorem 1.22).
Lemma. Let e, f be orthogonal idempotents in an fQ-ring R and let T be a subideal in Re. If T has a nonzero image S in Rf , then T contains an idempotent. If S is cyclic, then it is the image of a subideal of T generated by an idempotent.
Proof. Let φ : T → S be an epimorphism. We may assume that S is cyclic. If S contains an idempotent f , then since Rf is projective, the pre-image of Rf under φ splits and therefore T contains a copy of Rf . But Rf is injective so this copy in T is generated by an idempotent. So we can assume that S contains no idempotents. Let Re = E(T ). Since S is cyclic, Re ⊕ S is quasi-injective and so φ extends to a homomorphism Φ : Re → S. But then T Φ = S and Re Φ = S and it follows that T = Re . For if T is a proper subideal of Re , then, since kerΦ ⊆ T , T /kerΦ is a proper subideal of Re /KerΦ = S -a contradiction. Hence T = Re and so T contains an idempotent.
1.6 Lemma. Let e, f be orthogonal idempotents in an fQ-ring R. If Re ∼ = Rf , then every cyclic ideal in Re is injective.
Proof. Let Ra ⊆ Rf . Then Ra ⊕ Re is quasi-injective and so eRf 1 ⊆ Ra where Rf 1 = E(Ra). But Re contains an isomorphic copy of Rf 1 , which must be a summand, and so there is an epimorphism Re → Rf 1 . Therefore eRf 1 generates Rf 1 and so Ra = Rf 1 . Hence Ra is injective. Proof. Re 1 α does not contain an idempotent as it contains no injective ideals. Therefore, by Lemma 1.5, Re 1 α cannot have an image in Re 3 . Hence αβ = 0.
Definition. An idempotent e in an fQ-ring R is abelian if all idempotents in the ring eRe are central (in eRe). An fQ-ring is of Type I if it has dense abelian idempotents.
The standard definition of Type I for self-injective von Neumann rings (see [G] ) is that such a ring is of Type I if it contains an abelian idempotent which is not orthogonal to any central idempotent (except zero).
Lemma. An injective von Neumann regular ring is of Type I, in our sense, if and only if it is of Type I in von Neumann's sense.
Proof. Let R be of Type I in our sense. Then the two sided ideal generated by the abelian idempotents is essential as a left ideal and so R is of Type I in von Neumann's sense by Theorem 10.4 of [G] . Now assume that R is of Type I in von Neumann's sense. Then every ideal contains an abelian idempotent (by Theorem 10.4 of [G] ) and so R has an essential ideal generated by abelian idempotents.
Definition.
A ring is (left) idempotent nonsingular if none of its elements is annihilated (on the left) by an essential (left) ideal generated by idempotents.
It is clear that nonsingular rings and rings with finite identities are idempotent nonsingular.
Theorem. An idempotent nonsingular fQ-ring is a direct sum of a ring with dense primitive idempotents and a ring with no primitive idempotents.
Proof. Let Re be the injective hull of the ideal P generated by the primitive idempotents in an fQ-ring R. By Lemma 1.1 any image L in R(1 − e) of Rf , for a primitive idempotent f , is simple so its injective hull is generated by a primitive idempotent. But R(1−e) has no primitive idempotents so any homomorphism from Re to R(1 − e) must kill P . This contradicts the assumption that R is idempotent nonsingular. Hence eR(1 − e) = 0.
Conversely, if f ∈ Re is a primitive idempotent, then any homomorphism α : R(1 − e) → Rf has a simple image (by Lemma 1.1). Then the kernel K of α must be essential since R(1 − e) has no simples. We now show that the ideal I generated by the idempotents in K is essential in K. Let x ∈ K be any element and consider Rf 1 = E(Rx). If Rf 1 is in I there is nothing to prove. If Rf 1 is not in K, then Rf 1 /(Rf 1 ∩K) is simple. But f 1 is not primitive so it is a sum of orthogonal idempotents g 1 , g 2 and one of these is in K, say g 1 . But Rx∩Rg 1 = 0 so I∩Rx = 0 as required. Thus we have shown that there can be no homomorphism R(1 − e) → Rf for any primitive idempotent f ∈ Re and so it follows that (1−e)Re = 0. Therefore R decomposes as claimed.
Theorem. An idempotent nonsingular fQ-ring is a direct sum of a ring with essential singular ideal and a von Neumann regular ring.
Proof. Let Z(R) be the singular ideal of an idempotent nonsingular fQ-ring R and let Re = E(Z(R)). As a homomorphic image of a singular module is singular, there are no images in R(1 − e) of Re. That is eR(1 − e) = 0. As R(1 − e) is nonsingular, its endomorphism ring (1 − e)R(1 − e) is a von Neumann ring. Assume that (1 − e)Re = 0 and let x ∈ (1 − e)Re be nonzero. The annihilator α(x) of x in R(1 − e) = (1 − e)R(1 − e) is an essential subideal and must contain an essential subideal generated by idempotents since (1 − e)R(1 − e) is a von Neumann ring. This contradicts the assumption that R is idempotent nonsingular. Proof. By Lemma 1.6 every cyclic ideal in Re is injective and thus is generated by an idempotent. Hence Re is nonsingular. As R is indecomposable, Theorem 1.10 implies that all of R is nonsingular and thus a von Neumann ring.
We now prove the first of the main decomposition theorems which show that the theory of types which applies to injective von Neumann rings can be extended to idempotent nonsingular fQ-rings.
1.12
Theorem. An idempotent nonsingular fQ-ring is the direct sum of a ring of Type I and a ring with no abelian idempotents.
Proof. Let A be the set of abelian idempotents in an idempotent nonsingular fQring R and let Re = E(RA). We want to show that eR(1 − e) = 0 = (1 − e)Re. First consider eR(1 − e) and assume that eR(1 − e) = 0. Since R is idempotent nonsingular, there is an f ∈ A such that fR(1 − e) = 0. Pick any nonzero a ∈ fR(1 − e) and let Re = E(Ra). Then e is infinite, for otherwise it would be a sum of abelian idempotents and would thus be in Re. So there are orthogonal idempotents e 1 , e 2 ∈ Re such that e 1 Re 2 = 0. Let c ∈ e 1 Re 2 be nonzero. As Rc ∩ Ra = 0, there is an Rb ⊆ Rc which is the image of a K ⊆ Rf . By Lemma 1.5, Rb is an image of Rf ⊆ Rf and so f R(1 − e) = 0. But Rb is also an image of Re 1 for an e 1 ∈ Re 1 and therefore Rf and Re 1 have isomorphic summands. As f is abelian, any summand of Rf is generated by an abelian idempotent so Re 1 contains an abelian idempotent -a contradiction to the fact that e 1 ∈ R(1 − e). Therefore eR(1 − e) = 0.
We now show that (1 − e)Re = 0. Assume not and let α : R(1 − e) → Re be a nonzero homomorphism. We can regard α as an endomorphism of R. By Lemma 1.5, α kills every subideal of R which has no idempotents so α kills Z(R), the singular ideal of R. Therefore α can be considered to be a homomorphism from R = R/Z(R). By Theorem 19.27 of [F2] , R is a self-injective von Neumann ring. As R is idempotent nonsingular, Rα = Rα is a nonsingular R-module. Therefore ker α is a summand of R(1 − e) and so R(1−e)α = R(1 − e)α is isomorphic to a summand of R(1 − e). As idempotents lift from R to R, there is an idempotent f ∈ R(1 − e) such that ker α = R(1 − e − f ). Then α| Rf is an isomorphism. Let f 1 ∈ Rf be an idempotent and f 2 = f − f 1 . Then f i Rf j = 0, for i = j, as otherwise Rf j contains a homomorphic image of Rf i ∼ = Rf i α, so there would be a homomorphism from a subideal of Re to Rf j -a contradiction. Hence the idempotents f 1 , f 2 are central in fRf which means that f is abelian-a contradiction. Therefore (1 − e)Re = 0 and the required decomposition follows. Proof. As for Lemma 1.8 using Theorem 10.5 of [G] .
Definition. A module is

Theorem. An fQ-ring of Type III is a von Neumann regular ring of Type III.
Proof. Let R be an fQ-ring of Type III and let
By Lemma 1.6 every cyclic subideal of L 2 is injective. Now let a ∈ L 1 be nonzero and assume that Ra contains no injective ideals. Let Re = E(Ra). Then since R has no finitary idempotents, Re = T 1 ⊕ T 2 , where T 1 ∼ = Re. By the above argument every cyclic ideal in T 2 is injective. As Ra is essential in Re, Ra ∩ T 2 = 0, which means that Ra contains injective ideals -a contradiction to our assumption. Therefore every cyclic ideal in L 1 is injective and so R is a von Neumann ring.
We now prove the final theorem on decomposition into types.
Theorem. An idempotent nonsingular fQ-ring with no abelian idempotents is a direct sum of a ring of Type II and a ring of Type III.
Proof. Let R be an idempotent nonsingular fQ-ring without abelian idempotents and let X be the set of finitary idempotents in R. Let Re = E(RX). We want to show that eR(1 − e) = (1 − e)Re = 0.
Let f ∈ R(1 − e). Then Rf = Rf 1 ⊕ Rf 2 where Rf ∼ = Rf 1 . By Lemma 1.6 every cyclic subideal of Rf is generated by an idempotent and is injective. Hence if 0 = a ∈ eR(1 − e), then the pre-image P of Ra in Re under any homomorphism contains a copy of Ra. Now Ra is infinitary and all its cyclic subideals are injective and infinitary. Therefore RX ∩ P contains infinitary idempotents -a contradiction. Hence eR(1 − e) = 0.
Since R(1 − e) has no finitary idempotents, the ring (1 − e)R(1 − e) is of Type III and is a von Neumann ring by Theorem 1.14. Let x ∈ (1 − e)Re and assume x is nonzero. If the annihilator α(x) of x in R(1 − e) is not essential, then there is a c ∈ R(1 − e) such that Rc ∩ α(x) = 0. Then Rc ∼ = Rcx. As Rc is generated by an infinitary idempotent, it is injective and so Rcx is generated by an infinitary idempotent -a contradiction to the definition of Re. Therefore α(x) must be essential in R(1 − e). But then α(x) contains an essential subideal generated by idempotents, since R(1 − e) = (1 − e)R(1 − e) is a von Neumann ring, which contradicts the assumption that R is idempotent nonsingular. So (1 − e)Re = 0 as required. §2. fQ-rings with dense primitive idempotents Rings with dense primitive idempotents have indecomposable summands and in the case of fQ-rings these determine the structure of the rings. In this section we determine the structure of indecomposable idempotent nonsingular fQ-rings with dense primitive idempotents by representing them as rings of matrices. Example 2.6 shows that the idempotent nonsingular assumption is essential. Except for the statement of the main result (Theorem 2.3) we will only be concerned with rings which are not von Neumann rings and not local.
Lemma. Every minimal ideal in an idempotent nonsingular fQ-ring is the image of an ideal generated by a primitive idempotent.
Proof. Let R be an idempotent nonsingular fQ-ring and let M be a minimal ideal in R with injective hull Re. If eM = 0 there is nothing to prove since e must be a primitive idempotent. Therefore we need only consider the case when M is an image of
, then its complement is a minimal ideal (isomorphic to M ) which is a summand of R(1 − e) and is therefore generated by a primitive idempotent as required. If α(M ) is essential in R(1 − e), then it must contain an essential subideal generated by idempotents.
For let x ∈ α(M ) be any element and let Rf be the injective hull of Rx. If Rf ⊆ α(M ), then Rx intersects the subideal of α(M ) generated by idempotents. So we can assume that Rf α(M ). Then Rf /(Rf ∩ α(M )) is simple and isomorphic to M . If f is primitive, then there is nothing to prove so we assume that f = f 1 +f 2 for orthogonal idempotents f 1 and f 2 . One of f 1 , f 2 must be in α(M ), say f 1 . As Rx is essential in Rf , Rx ∩ Rf 1 = 0 and so Rx intersects the subideal of α(M ) generated by idempotents, as required. But this means that M is annihilated by an essential ideal generated by idempotents contrary to the assumption about R.
Definition. An idempotent chain is a sequence of primitive idempotents {e i | i ∈ I} such that Soc(Re i ) is an image of Re i+1 for all i ∈ I where I is a segment in Z unbounded above.
Lemma. Let R be an indecomposable idempotent nonsingular fQ-ring with dense primitive idempotents. If R is not local and not a von Neumann regular ring, then it has a unique idempotent chain.
Proof. Let e 0 ∈ R be a primitive idempotent and assume that R is not von Neumann and not local. Then one of e 0 R(1 − e 0 ) and (1 − e 0 )Re 0 is nonzero. Assume the former. By Lemma 1.1 any image of Re 0 in R(1 − e 0 ) is simple. By Corollary 1.11 it is unique. Let Re −1 be its injective hull. If Re −1 has an image in R(1 −e −1 ), then that image is simple. Denote its injective hull by Re −2 . In this manner we can construct a sequence of disjoint ideals Re n , n = −1, −2, −3, . . . , such that Re n has a nonzero image in Re n−1 . As we have assumed that R is not a von Neumann ring, Re 0 is not simple (Lemma 1.6) and so it has a proper subideal which must be its socle (Lemma 1.1). By Lemma 2.1, Soc(Re 0 ) is an image of an ideal generated by a primitive idempotent. By Corollary 1.11 this ideal is unique. Denote it by Re 1 . The socle of Re 1 is an image of an ideal Re 2 generated by a primitive idempotent, and so on. In this manner we obtain a sequence of primitive idempotents e n for all integers n. This sequence C may be finite on the left, that is, e k = 0 for some negative integer k in which case e i = 0 for all i < k. As our standing assumption is that R does not have a finite identity, C will always be infinite on the right as we shall see below.
Let C and C be two idempotent sequences in R and assume that there is an idempotent e which belongs to both of them. It follows that the sequences C and C coincide to the right of e since Soc(Re) is the image of a unique Rf ⊆ R(1 − e). As Re has a unique image in R(1 − e), C and C coincide to the left of e. That is, C = C . Therefore the idempotent chains partition the set of primitive idempotents in R.
We now show that there can only be one idempotent chain in R. Let Rf = E(RC) and consider R(1 − f ). Since R is idempotent nonsingular and every Re, for e ∈ C, has images only in RC, there cannot be any homomorphisms from Rf to R(1 − f ). That is, fR(1 − f ) = 0. Since every simple ideal in RC can be an image only of an Re for some e ∈ C, there are no homomorphisms R(1 − f ) → Rf . Therefore (1 − f )Rf = 0 and so Rf is generated by a central idempotent. Since R is indecopmposable, this means that Rf = R. Now assume that an idempotent e occurs twice in C. Then C contains only a finite number of distinct idempotents and so R must have finite identity. Therefore all the idempotents in C are distinct and C is infinite -at least to the right. 
with Z rows and columns. Proof. Assume that R is not a von Neumann ring. By Lemma 2.2, R has a unique idempotent chain C and R is the injective hull of I = RC. For any r ∈ R and e ∈ C the ideal Rer is an image of Re and is therefore in I. That is, I is a two sided ideal. Therefore any endomorphism of R induces an endomorphism of I. Conversely, since R is injective, every endomorphism of I extends to an endomorphism of R. This extension is unique. For if two endomorphisms of R, obtained by right multiplication by x and y, say, coincide on I, then I(x − y) = 0. Since R is idempotent nonsingular this is only possible if x = y. Therefore R ∼ = End(R) ∼ = End(I) and we obtain the required representation of R from that of End (I) . Let e ∈ C be any idempotent. We know Re has a unique subideal which is not an image of Re. Therefore End(Re) is a sfield. Proof. Every primitive idempotent is contained in an indecomposable (ring) summand. Each of these is isomorphic to one of the rings listed above. The product of these rings is their injective hull. Therefore the ring is isomorphic to the product of the subrings. A standard argument shows that a product of such rings is an fQ-ring.
2.6 Example. Let A be a von Neumann ring, let V be a singular simple A-module and let D be the endomorphism sfield of V . Let R be the matrix ring D 0 V A .
If A is of Type III, then R is not idempotent nonsingular, it cannot be decomposed into Types and it is not a direct sum of a nonsingular ring and a ring with essential singular ideal. It does not decompose into a ring with dense primitive idempotents and a ring with no primitive idempotents. This shows that the idempotent nonsingular assumptions cannot be dropped from Theorems 1.9, 1.10, 1.12 and 1.15. If A = M ω (D), for infinite ω, then R has dense primitive idempotents but it does not satisfy Theorem 2.3.
